In this paper we provide an analytical investigation of the entanglement dynamics of moving qubits dissipating into a common and (in general) non-Markovian environment for both weak and strong coupling regimes. We first consider the case of two moving qubits in a common environment and then generalize it to an arbitrary number of moving qubits. We show that for an initially entangled state, the environment washes out the initial entanglement after a finite interval of time. We also show that the movement of the qubits can play a constructive role in protecting of the initial entanglement. In this case, we observe a Zeno-like effect due to the velocity of the qubits. On the other hand, by limiting the number of qubits initially in a superposition of single excitation, a stationary entanglement can be achieved between the qubits initially in the excited and ground states. Surprisingly, we illustrate that when the velocity of all qubits are the same, the stationary state of the qubits does not depend on this velocity as well as the environmental properties. This allows us to determine the stationary distribution of the entanglement versus the total number of qubits in the system.
I. INTRODUCTION
In quantum mechanics, entanglement is one of the strange behaviours of particles in which classical physics rules are broken [1] . It relies on the existence of correlation between individual quantum objects, such as atoms, ions, superconducting circuits, spins, or photons. Nowadays, scientists in laboratories around the world are able to entangle a large number of particles, a success that can be the basis of quantum computing [2] , the technology that is expected to change the processing and storage of information in the future. It has been found that quantum entanglement is the source of many interesting applications such as quantum cryptography [3] , quantum teleportation [4] , superdense coding [5] , sensitive measurements [6] and quantum telecloning [7] .
Many schemes have been proposed to generate the entangled states, for instance, one may refer to superconducting qubits using holonomic operations [8] , trapped ions [9] , atomic ensembles [10] , photon pairs [11] , etc. It also has been put forward the idea that, entanglement may be generated between subsystems that never directly interacted by means of entanglement swapping [12] . Recently, it has been reported that the entanglement swapping can also be occurred between dissipative systems [13, 14] .
In this regard, it ought to be emphasised that, in real world, it is impossible to separate a quantum system from its surrounding environment. The effects of environment can destroy quantum correlations stored between subsystems, the phenomenon which is called decoherence. * saregolkar@gmail.com † mktavassoly@yazd.ac.ir ‡ anourmandip@sirjantech.ac.ir
Therefore, instead of closed systems, we are dealt with an open quantum system [15] . At first glance, it seems quite logical to avoid as much as possible interactions with environment. However, despite the destructive effects of environment on the entanglement, it should be noticed that the environment can after all have a positive role. For instance, when two [16, 17] or more number of qubits [18, 19] are interacting with a global environment, the environment can provide indirect interaction among qubits which surprisingly lead to construct entanglement between them. Altogether, quantum coherence results rather fragile against environment effects. Therefore, many attempts have been made to fight against the deterioration of the entanglement, for instance, quantum Zeno effect [20] , quantum feedback control [21, 22] , using weak measurement and measurement reversal [23] , adding magnetic field [24] , etc. Furthermore, some recent studies have reported that quantum correlations can be protected by frequency modulation [25] , strong and resonant classical control [26] , dynamical decoupling pulse sequences [27] , continuous driving fields [28] and dipoledipole interaction [29] .
On the other hand, it is impossible to consider the atoms to be static during the interaction with the electromagnetic fields in practical implementations. Therefore, it seems logical to consider the motion of the qubits. In this regard, some studies have been recently devoted to consider the motion of qubits interacting with the electromagnetic radiation [30, 31] . Specially, in an interesting work, it has been shown that in a dissipative regime, when the qubits have a uniform non-relativistic motion, they exhibit the property of preserving their initial entanglement longer than the case of qubits at rest [32] . This motivates us to study the possible preservation of entanglement by considering the motion of qubits in a broader context.
In this paper, we first consider the case of two moving qubits in a common environment and investigate the dynamics of entanglement in details for both strong and weak coupling regimes. We then generalize our model into a case in which an arbitrary number of qubits can interact with an environment. We shall obtain the stationary state of each case in details. We also shall illustrate that how the motion of qubits affects the dynamics of entanglement. We also observe that, when the qubits have the same velocity, the stationary state of entanglement is completely independent of the motion of the qubits as well as the environmental parameters. We address this issue by analysing the effect of motion of the qubits on the entanglement dynamics of them.
The rest of paper is organized as follows: In Sec. II we attack the problem of two moving qubits in a common environment and obtain an analytical expression for the relevant concurrence. We investigate the entanglement dynamics in details. We do the same for an arbitrary number of qubits initially in a Werner state in Sec. III. In Sec. IV, we consider the case in which an arbitrary number of qubits are initially in a superposition of one excitation of two arbitrary qubits. Finally, we draw our conclusion in Sec. V.
II. TWO MOVING QUBITS IN A COMMON ENVIRONMENT
In this section, we consider the case in which two qubits with excited (ground) state |e (|g ) interact with a global environment (Fig. 1) . There is no direct interaction among these qubits. The qubits are taken to move along the z-axis of the cavity with constant velocity v i which can in general be different for each qubit. The environment is characterized by a spectral density of Lorentzian type. The total Hamiltonian then can be written as (we set = 1):
in whichĤ
In the above relations,σ i ± and ω i are the inversion operator and transition frequency of the ith qubit, respectively. The interaction of the ith qubit with the environment is measured by the dimensionless constant α i . The value of this parameter can be effectively manipulated by means of the Stark shifts tuning the atomic transition in and out of resonance. Furthermore,â k andâ † k are the annihilation and creation operator of the kth mode of the environment, respectively. g k denotes the coupling constant between qubits and the kth mode of the environment. The motion of the qubits is restricted in the z direction (cavity axis) [33] . Here, we consider the general case in which the two qubits can have different velocities. In this regard, the parameter f k (z i ) describes the shape function of the ith qubit motion along z-axis which is given by [34] 
where, β i = v i /c and Γ = L/c with L being the size of the cavity. The sine term in the above relation comes from the boundary conditions.
It should be noted that, the translational motion of the qubits has been treated classically (z = vt). This is the situation in which the de Broglie wavelength λ B of the qubits is much smaller than the wavelength λ 0 of the resonant transition (i.e., λ B /λ 0 ≪ 1) [32] . Which means that β i ≪ 1. Here, we assume that the two qubits can have different velocities.
It has been proven useful to introduce the collective coupling constant α T = (α 1/2 and relative (dimensionless) strengths r j = α j /α T . In this way, r 2 1 + r 2 2 = 1 and we can only take r 1 as independent. Also, one can explore both the weak and strong coupling regimes by varying α T .
For the initial state of the system, we assume that there is no excitation in the modes of the environment and the atoms in a general entangled states:
in which, |0 R is the multi-mode vacuum state. Accordingly, the time evolution of the system is given by
with |1 k being the state of the environment with only one excitation in the kth mode.
Before discussing the general time evolution of the state Eq. (6), we notice that the reduced density operator for the two qubits in the {|e, e , |e, g , |g, e , |g, g } basis is given bŷ
(7) Upon insertion of the time-evolved state of the system ((6)) in the time-dependent Schrödinger equation i|ψ =Ĥ |ψ , it is straightforward to observe that the equations for the probability amplitudes take the forṁ
where we have used δ
Without loss of generality, we assume that the two qubits have the same transition frequency, i.e., ω 1 = ω 2 ≡ ω 0 , consequently, δ
By integrating Eq. (9) and inserting its solution into Eq. (8), one obtains two integrodifferential equations for amplitudes c 1 (t) and c 2 (t) as folloẇ
As is observed from the above relations, the dynamics of the system depends on the velocities of the qubits. Let us consider the case in which the two qubits have the same velocity, i.e., β 1 = β 2 ≡ β. In this case, the equations (10) reduce to the following relationṡ
where the correlation function F (t, t ′ ) reads as
We note that according to Eqs. (11) there exits a constant solution independently of the form of the spectral density as well as the velocity of the qubits which leads to a stationary entanglement. This long-living decoherencefree (or sub-radiant) state is obtained by settingċ j = 0 in Eqs. (11) . This leads to the following state that does not decay in time
As |ψ − does not evolve in time, the only relevant time evolution is that of its orthogonal, superradiant state
The survival amplitude of the above state, i.e., E(t) ≡ ψ + |ψ + (t) , satisfies the following relation (see Appendix A)Ė
It is apparent that E(t) depends on the spectral density as well as the shape function of the qubits motion. In the continuum limit for the environment, we consider the case in which the two qubits interact resonantly with a reservoir with Lorentzian spectral density
. This is the case of two qubits interacting with a cavity field in the presence of cavity losses. Since the mirrors of the cavity are not perfectly reflective, the spectrum of the cavity field displays a Lorentzian broadening. It is possible to show that [16, 17] for motionless qubits inside such a cavity, the correlation function F (t, t ′ ) takes the form f (t − t ′ ) = W 2 e −λt , with quantity 1/λ being the reservoir correlation time. For an ideal cavity (i.e. λ → 0),
In this situation, the system reduces to a two-atom Jaynes-Cummings model [35] with vacuum Rabi frequency R = α T W . On the other hand, in the Markovian regime, i.e., for small correlation times (with λ much larger than any other frequency scale), we obtain the decay rate as γ = 2R 2 /λ. For generic parameter values, our model interpolates between these two limits.
In this situation, the correlation function (12) becomes
(16) In the continuum limit (i.e., Γ → ∞) [36] , the analytical solution of the above relation gives rise to
in whichλ ≡ λ + iω 0 . As is seen, F (t, t ′ ) = G(t − t ′ ). Therefore, it is quite reasonable to take the Laplace transform of both sides of Eq. (15) and transform the integro-differential equation into algebraic one which can be easily solved. Then we perform the inverse Laplace transformation and use Bromwich integral formula [37] to find the survival amplitude. After some straightforward but long manipulations it reads as
in which the quantities q i (i = 1, 2, 3) are the solutions of the cubic equation
with y ± = 1 ± β(1 + iω 0 /λ) and R = R/λ. Since the general cubic equation (19) can be solved analytically, it is always possible to obtain the analytical expressions of q i and consequently find the analytical expression for E(t). However, these expressions are too long to be reported here. Once the analytical expression for E(t) is obtained, it is possible to obtain the analytical solutions for amplitudes c i (t). This can be done by introducing β ± ≡ ψ ± |ψ(0) and therefore finding c j (t) as follow
In what follows, we use the concurrence [38] to quantify the amount of entanglement which is defined as
where ℓ j , j = 1, 2, 3, 4, are the eigenvalues (in decreasing order) of the Hermitian matrixR =ρρ s , in whichρ is the density matrix of the system andρ s =σ y ⊗σ yρ * σ y ⊗σ y whereρ * is complex conjugate ofρ in computational basis. The concurrence varies between 0 (when the qubits are separable) and 1 (when they are maximally entangled). For the density matrix given by (7), the concurrence becomes
A. Stationary Entanglement
Again, before discussing the general dynamics of the system, we begin by noticing that there exists a nonzero stationary value of C due to the entanglement of the decoherence-free state. First, we note that it is possible to show that if t → ∞, then E(t) → 0 for all values of the relevant parameters. Therefore, in the stationary state, c 1 = r 2 β − and c 2 = −r 1 β − , which leads to a non-zero value of concurrence as
To discuss better the time evolution of the concurrence as a function of the initial amount of entanglement stored in the system, we consider initial states of the form (5) with
in which s is the separability parameter with −1 ≤ s ≤ 1 and s = ±1 (s = 0) corresponds to a separable (maximum entangled) initial state. Here, the separability parameter s is related to the initial concurrence as
2 . The surprising aspect here is that, the stationary state of the two moving qubits with the same velocities (i.e., Eq. (23)) is exactly the same as the stationary state of two motionless qubits which has been reported in [16, 17] . However, it is useful to discuss the stationary entanglement. In Fig. 2 we have plotted the stationary entanglement as function of the relative coupling constant r 1 and the initial separability parameter s for two values of ϕ, i.e., ϕ = 0 and π. It can clearly be seen that, for r 1 = 0 and 1, there is no stationary entanglement as these correspond to cases in which only one atom interacts with the environment and there is no correlation between qubits due to the environment. In the case ϕ = 0, the maximum stationary entanglement C max s ≈ 0.65 is achievable for factorized initial states, i.e., this value is obtained at r 1 = 0.5 for s = −1 and at r 1 = 0.87 for s = +1. In the case ϕ = π, the maximum value of the stationary entanglement C max s = 1 is obtained at r 1 ≈ 0.7 for the maximum entanglement of the initial state (s = 0), which according to Eq. (13), this maximum is achieved for |ψ 0 = |ψ − . We point out that the results are independent of the velocities of qubits as well as the structure of the environment.
B. Dynamics of Entanglement
Now we are in a position to discuss the entanglement dynamics of moving qubits versus the dimensionless (scaled) time τ = λt. The parameter R = R/λ allows us to consider two distinct regimes for cavity, namely good and bad cavity limits with R ≫ 1 and R ≪ 1, respectively. By good cavity, we mean the case in which non-Markovian dynamics occurs. This is accompanied by an oscillatory reversible decay and the memory effect of the cavity appears. While, in the bad cavity limit, the behaviour of the atom-reservoir system is Markovian with irreversible decay in which all the history is forgotten [39] .
In Fig. 3 we show the concurrence as a function of τ for motionless qubits (i.e., β = 0) in the bad (upper row) and good (lower row) cavity limits for ϕ = 0. In this case, we recover the results presented in [16, 17] . However, it is worthwhile to mention that for both good and bad cavity limits and for an initially separable state (s = 1), the concurrence starts from zero and reaches to its stationary value. However, in the bad cavity limit, the concurrence increases monotonically up to this value, whereas, in the good cavity limit we observe entanglement oscillations and revival phenomena for every initial qubit state. This is due to the memory depth of the reservoir. Actually, the reservoir correlation time is greater than the relaxation time and non-Markovian effects become dominant. In our case, the amount of revived entanglement is huge and is comparable to previous maximum. For initially entangled state, the concurrence starts from its maximum value and decreases until it vanishes. Again, in the good cavity limit, the oscillations of the concurrence is clearly seen.
In Fig. 4 we have plotted the dynamical behaviour of concurrence against the scaled time in the bad cavity limit, i.e., R = 0.1 for non-zero values of velocity. In these plots, we have set r 1 = 0.87 and ω 0 /λ = 1.5 × 10 9 . As is seen, for an initially entangled state, i.e., s = 0, the movement of the qubits has a remarkably effect on the survival of the initial entanglement. As the velocity of qubits is increased, the entanglement survives in long times. On the other hand, for a factorized initial state, the qubit movement has a constructive role on the entanglement, in the sense that it makes the entanglement reaches its stationary value in longer times. It should be noted that the stationary value is independent of the qubits velocity. Figure 5 shows the concurrence in the good cavity limit, i.e., R = 10 for non-zero values of velocity. Again, we have set r 1 = 0.87 and ω 0 /λ = 1.5 × 10 9 . As is seen, in the presence of velocity, the oscillating behaviour of entanglement washes out. Similar to the weak coupling regime, the movement of qubits has a remarkable effect (dashed line), and (iii) β = 4 × 10 −9 (dot-dashed line).
on the surviving of the entanglement. Again, the stationary value is independent of the velocity of qubits.
III. AN ARBITRARY NUMBER OF MOVING QUBITS INITIALLY IN A WERNER STATE
In this section, we apply the same process for an arbitrary numbers of moving qubits which initially prepared in a Werner state. The total Hamiltonian is described aŝ
where we have assumed that the qubits have the same transition frequency ω 0 and that the parameter α which (dashed line), and (iii) β = 4 × 10 −9 (dot-dashed line).
determines the interaction of each qubit with the environment, be the same for every qubit, (i.e., α 1 = α 2 = · · · α n ≡ α T ). We also have considered the case in which the velocity of each qubit is the same. Suppose the initial state of the system is
where
|e i is the Werner state such that |e i = |g 1 , ..., e i , ..., g n . The initial state (26) evolves into state
in which |G := |g ⊗n and
is the survival probability (fidelity) of the initial state. Following the same procedure as is done for the two-qubit case, we are readily led to integro-differential equation for the amplitude D(t):
in which the correlation function F (t, t ′ ) has been introduced in Eq. (12) . Therefore, the amplitude D(t) is obtained like Eq. (18), with the quantities q i are now the solutions of the following cubic equation:
Again it is readily observed that at sufficiently long times (i.e., t → ∞), D(∞) −→ 0. Therefore, looking at (27) , one can realise that |ψ(∞) ∝ |G , which implies that when all qubits are initially in a superposition of single excited states with the same probability, no stationery entanglement can be achieved.
Using (27) the explicit form of the reduced density operator for the system of qubits can be derived by tracing over environment variables. Then, in order to analyse the pairwise entanglement between any two generic qubits, we compute partial trace of the resulted density matrix over all other qubits and obtain the following reduced density operator:
where the relevant concurrence reads as C pair (t) = 2 |D(t)| 2 /n. Keeping in mind (28), it is readily found that C pair (t) = 2P 0 (t)/n, which implies that the pairwise concurrence directly depends on the survival probability of the initial state.
In this line, two distinct coupling regimes, i.e., weak and strong can be distinguished. The quantity C pair (τ ) is shown in Fig. 6 in both regimes when the qubits are at rest. In weak coupling regime, the behaviour of concurrence is essentially a Markovian exponential decay. The concurrence disappears faster when the system size becomes larger. The strong coupling represents the revival and oscillation of entanglement. This revival phenomenon is due to the long memory of the reservoir. In this case, the reservoir correlation time is greater than the relaxation time and non-Markovian effects become dominant. No stationary entanglement is seen for both coupling regimes. It means that, at sufficiently long times, we are left with an ensemble of non-correlated qubits. 
FIG. 6. (Color online)
Pairwise concurrence Cpair as function of τ when the initial state of the system is a Werner state, in the bad cavity limit, i.e. R = 0.1 (left plots) and good cavity limit, R = 10 (right plots) with n = 2 (solid black line), n = 4 (dashed red line), and n = 8 (dot-dashed green line).
In Fig. 7 , we have plotted the parameter C pair when the initial state of the system is a Werner state with system size n = 4 in the presence of movement of qubits. The results seem to prove that the movement of the qubits has a remarkable effect on the survival of the initial entanglement. As the velocity increases, the entanglement survives at longer times. Again, in the good cavity limit, the oscillating behaviour of the pairwise concurrence is washing out. Based on these results, one can think of an entanglement protection. Actually, the movement of qubits plays an entanglement protection role. In the next section, we examine the suggested process for the case in which a finite number of qubits (two or one) are initially excited. 
FIG. 7. (Color online)
Pairwise concurrence Cpair as function of τ when the initial state of the system is a Werner state, in the bad cavity limit, i.e. R = 0.1 (left plots) and good cavity limit, R = 10 (right plots). In these plots, we have set n = 4, ω0/λ = 1.5 × 10 9 and (i) β = 0 (solid line), (ii) β = 2 × 10 −9
(dashed line), and (iii) β = 4 × 10 −9 (dot-dashed line).
IV. SYSTEM OF n-QUBITS INITIALLY IN A SUPERPOSITION OF ONE EXCITATION OF TWO ARBITRARY QUBITS
In this section, we address the case in which the initial state of the qubits is a superposition of one excitation of two arbitrary qubits, namely the jth and lth qubits. Again, we assume that there is no excitation in the cavity before the occurrence of interaction. Therefore, the initial state of the whole system+environment can be written as
in which the coefficients c 01 and c 02 have been defined in Eq. (24) and by the basis kets e j(l) we mean that, all of the qubits are prepared in the ground state except the jth (lth) qubit that is in the excited state. Accordingly, the quantum state of the entire system+environment at any time can be written as
in which we have defined the normalized state E ✄ j ✄ l := 1 √ n−2 n i =j,l |e i . Following the procedure presented in obtaining the expression for D(t), one may straightforwardly obtain the following analytical expressions for the time-dependent amplitudes
where D(t) has been introduced before. As is stated before, letting t to tend to infinity, then D(∞) −→ 0 which leads to the nonzero values of the coefficients C i (∞). Therefore, unlike the case with initial Werner state, the environment not only can create entanglement between various pairs of qubits, but also it may make it to persist to be stationary. According to (34) , this stationary state does not depend on the environment features such as the cavity damping rate or coupling constant as well as the velocity of the qubits but only depends on the initial conditions as well as the size of system, i.e., n. This is due to the fact that we have assumed that the coupling constant and the velocity of the qubits be the same for all qubits. It can be shown that, by choosing different coupling constants as well as different velocities associated with different qubits, the stationary entanglement depends also on the cavity damping rate, coupling constants and the velocity as well. Let us first obtain the expression of the reduced density operator of qubits at any time. This can be done by tracing over the environment variables of (33) as follows
(35) Based on the above relation, it is possible to consider various pairwise entanglements resulting from different initial state. For instance, we shall consider the case in which two qubits (jth and lth) are initially in a superposition of maximally entangled state (i.e., s = 0) and when only one qubit (namely lth qubit) is initially in the excited state (i.e., s = +1).
A. Maximum Entangled Initial State
In this subsection, we assume that the system of qubits be initially in a maximum entangled state of two qubits (namely jth and lth). By tracing of (35) over all other qubits, we obtain the following reduced density operator ρ j,l (t) = |C 1 (t)| 2 |e, g e, g| + |C 2 (t)| 2 |g, e g, e|
which leads to the concurrence Figure 8 illustrates the time evolution of the concurrence C j,l (τ ) as a function of the scaled time τ when the qubits are at rest, i.e., β = 0, for weak and strong coupling regimes for a maximally entangled initial state (i.e., s = 0 and ϕ = 0). In the weak coupling regime, concurrence falls down from its maximum initial value and monotonically decreases until it reaches its stationary value. In the strong coupling regime, an oscillatory behaviour along with decaying of entanglement is clearly seen such that for n = 2 the entanglement sudden death is occurred. As is mentioned before, both strong and weak coupling regimes lead to the same stationary state. The surprising aspect here is that for n = 2 the entanglement between two qubits vanishes under the environment, but adding more number of qubits maintains the entanglement stored between these two qubits. In general, when the system size n becomes larger, the stationary entanglement increases and the concurrence achieves sooner its stationary value.
In Fig. 9 we examine the effect of the velocity of qubits on the pairwise entanglement C j,l when the size of the system is n = 6. Again, the movement of the qubits has a remarkable effect on the survival of the initial entanglement. As is seen, the stationary entanglement does not depend on the velocity of the qubits. Actually, letting t to tend to infinity in Eq. (37), we found the behaviour of stationary entanglement versus system size n as
It is clear that, for large values of n, C j,l (∞) tends to one. 
FIG. 9. (Color online)
C j,l as function of τ for system size n = 6 in the bad cavity limit, i.e. R = 0.1 (left plots) and good cavity limit, R = 10 (right plots) with ω0/λ = 1.5 × 10 9 and (i) β = 0 (solid line), (ii) β = 2 × 10 −9 (dashed line), and (iii) β = 4 × 10 −9 (dot-dashed line). Other parameters are similar to Fig. 8 .
The other possible pairwise entanglement we can study is the entanglement between the jth qubit (which is initially in the excited state) and a generic qubit m (which is initially in the ground state). With the help of Eq. (35) one can compute the corresponding reduced density operator and obtain the following relevant concurrence:
which is valid for n > 2. Figure 10 illustrates the pairwise entanglement C j,m (τ ) for system size n = 6 for various values of the velocity of qubits. The parameter concurrence starts from its initial value, i.e, zero, as is expected and tends to its stationary value. The movement of the qubits makes the concurrence reaches its stationary value at longer times. In the good cavity limit and with nonzero values of the velocity of the qubits, the oscillation of the entanglement disappears. Again, the stationary value of the entanglement does not depend on the movement of the qubits. This stationary entanglement can be determined from Eq. (39) by letting t going to infinity as follow
It is obvious that, the maximum stationary entanglement C Finally, the other possible case which we study is the entanglement between two generic qubits k and m initially in the ground state (k, m = j, l). The corresponding concurrence reads as
which is valid for n > 2. Figure 11 provides the dynamical behaviour of the C k,m (t) in the bad and good cavity limits for system size n = 4 in the presence of the movement of the qubits. It is evident that the entanglement sudden death phenomenon has occurred in the good cavity limit for small values of scaled time τ . It is apparent from the information supplied that, in the latter regime, the amount of revived entanglement has become considerably comparable to 1 at short times. It can be shown that, it is comparable to 1 for small system sizes.
It is also interesting to notice that, both coupling regimes lead to the same stationary entanglement which is independent of the velocity of the qubits. In fact, by letting t to go to infinity in Eq. (41) and computing the stationary concurrence as C k,m (∞) = 4 n 2 , one can easily observe that, for large system sizes, the latter concurrence is by far more negligible compared to the other stationary concurrences. 
B. One Initial Excitation
In this subsection, we assume that only lth qubit is initially in the excited state (i.e., s = −1). In order to analyse the pairwise entanglement between qubit l and another generic qubit m, it is enough to set s = −1 in Eqs. (37) or (39) . The dynamical behaviour of C l,m (τ ) is shown in Fig. 12 in both strong and weak coupling regimes for system size n = 4 for some values of velocity of qubits. It is easy to show that at the steady state, the pairwise concurrence takes the form
On the other hand, the entanglement between two other generic qubits, initially in the ground state, has similar behaviour to Fig. 11 . In particular, its corresponding stationary concurrence takes the form C k,m (∞) = 2 n 2 which vanishes for large system sizes. (dashed line), and (iii) β = 4 × 10 −9 (dot-dashed line).
Altogether, by comparing various stationary entanglements which have been appeared, it can be concluded that when the system of qubits initially is in the maximum entangled state of two qubits, we have the graph depicted in Fig. 13(a) as the steady state. The ticker line in this Fig. implies the fact that, at the steady state, the correlation between the initially excited qubits is stronger than the correlation between any other two qubits. On the other hand, when there is only one excitation in the initial state, we have a star graph as the steady state (see Fig. 13(b) ). 
V. CONCLUSION
To sum up, we have considered the problem of entanglement dynamics of moving qubits inside a common environment. The advantage of our model is the consideration of non-Markovian evolution of the moving qubits. The strong coupling of qubits with the environment induces the oscillation of entanglement due to the memory effect of the environment. Whereas, in the weak coupling regime, the pairwise entanglement decays (and sometimes increments) exponentially and goes up to its stationary value asymptotically.
We began with the problem of two moving qubits in a common (global) environment. We have investigated this problem in details. We have found an analytical expression for the concurrence in the presence of qubits movement. We have observed that, there exists a stationary entanglement between these two qubits. The surprising aspect here is that, the stationary state does not depend on the movement of the qubits. This stationary state is exactly the same as state that has been obtained for two qubits at rest [16, 17] . We have determined the situations in which a maximally stationary entanglement can be achieved. We then examined the effect of movement on the entanglement dynamics of these two qubits. Our results illustrate that, the movement has a constructive role on the survival of the entanglement in both weak and strong coupling regimes.
We then extended our model into a model consisting of an arbitrary number of moving qubits in a common environment. We did this task in two different ways. First, we considered the case in which the qubits are initially in a Werner state, i.e., a state in which all qubits have the same probability of being in the excited state. We obtained an analytical expression for pairwise concurrence between two arbitrary qubits. We found that the pairwise concurrence depends directly on the survival probability of the initial state. The pairwise entanglement has a decaying behaviour with no stationary value for both strong and weak coupling regimes. However, by comparing the Figs. 6 and 7 it is evident that, the presence of movement can preserve the entanglement initially stored in the system of qubits. This is quite similar to the effect of Quantum Zeno effect on the entanglement dynamics of the qubits [18] .
Second, since in the case of a Werner state as the initial state of the system of qubits no stationary entanglement can be achieved, we examined the case in which the number of qubits initially in the superposition of only one qubits is limited. This leads to a considerable amount of stationary entanglement. We distinguished between two cases: (i) the system is initially in superposition of one excitation of two arbitrary qubits, and (ii) when only one qubit is initially in the excited state. In both cases, when the velocity of all qubits is the same, there exists a stationary state which is completely independent of that velocity as well as the environment properties and depends on the system size n and the initial conditions which is characterized by the separability parameter s. Again, the stationary state is similar to the case of non-moving qubits [18] .
In the former case, although the interaction of the system-environment leads to vanishing of the entanglement for system size n = 2 with Bell state as its initial state, as an interesting result, increasing the number of qubits satisfactorily preserves the initial entanglement (see Fig. 8 ). Again, the movement of qubits has a remarkable effect on the survival of the initial entanglement (Fig. 9) . For the strong coupling regime and in the presence of the movement of the qubits, the oscillating behaviour of pairwise entanglement has been vanished. The stationary pairwise entanglement C j,l (∞) (here jth and lth qubits are initially in the superposition of one excitation, see Eq. (33)) monotonically increases with the system size n such that for large values of n it tends to 1.
It is also possible to create entanglement for pairs of initially excited and non-excited qubits (see Fig. 10 ). As is observed from Fig. 10 , the entanglement can persist at its stationary state which depends only on the system size of qubits. The stationary state is comparable to 1. Again, the movement of qubits makes the entanglement to reach its stationary value at longer times. It is also possible to create entanglement between pairs of qubits initially in the ground state (see Fig. 11 ). However, in such a case, the amount of entanglement is negligibly smaller than the previous cases and also is nearly independent of separability parameter.
In the latter case, when only one qubit is initially in the excited state (i.e., s = 1 or −1), it is possible to generate the entanglement between this qubit and another generic qubit which is initially in the ground state.
This amount of this entanglement is comparable to one. Again, the velocity of the qubits makes the entanglement reaches its stationary state at longer times. In this case, we are left with a star graph as the steady state for large systems in both weak and strong coupling regimes. This is quite in consistent with previous works (see for example, [18, 19] ). On the other hand, when two qubits are initially in a maximum entangled state, we are left with a bipartite graph with strong correlation between the two qubits (which are initially in a maximum entangled state). On the other hand, previous studies illustrate that when two quits are initially in the excited states simultaneously, at the steady state is a bipartite graph but without any correlation between the two qubits which are initially excited [19] . Altogether, this subject can be of interest from the perspective of quantum complex networks [40] .
The observed aspects in this paper reveal another interesting result, too. By comparing the effects of quantum Zeno on the entanglement dynamics of the qubits in a common environment [16] [17] [18] 20] , one can easily observe a similarity between the effect of the velocity of the qubits and the effect of the quantum Zeno on the entanglement dynamics of the qubits. In [41] , the authors have observed such similarity between quantum Zeno effect and the (relativistic) motion of the qubits. This arisen a question that, is there any connection between the velocity of the qubits and quantum Zeno effect? This is left for future works.
Finally, it should be emphasized that our results can be helpful in designing experiments for quantum computation applications when the velocity of the qubits and also the environmental effects cannot be neglected. For instance, our N moving qubits can be modelled as N twolevel atoms coupling to the field of 1D photonic waveguide with a spatially periodic modulation [30] . Furthermore, it is possible to implement our model in a circuit QED architecture using a single-mode transmission line resonator interacting with two (or more) superconducting qubits [42] .
Appendix A: The proof of Eq. (15) As is stated before, for the case in which two moving qubits (with the same velocity) are interacting with a common environment, there exists a subradiant state which does not evolve in time (see Eq. (13)). The only relevant time evolution is that of its orthogonal, superradiant state |ψ + = r 1 |e, g + r 2 |g, e .
The time evolved of the super-radiant state is |ψ + (t) = c 1 (t) |e, g + c 2 (t) |g, e .
In the following, we obtain the survival amplitude E(t) of the above state. First, according to (A1) and (A2), the surviving amplitude is E(t) ≡ ψ + |ψ + (t) = (r 1 e, g| + r 2 g, e|) (c 1 (t) |e, g + c 2 (t) |g, e ) = r 1 c 1 (t) + r 2 c 2 (t) (A3) By taking derivative with respect to t from above equation, we arrive atĖ (t) = r 1ċ1 (t) + r 2ċ2 (t)
Then using equations (11a) and (11b), we havė
which can be written aṡ
according to the definition of α T i.e., α T = (α we havė
Then, using (A3), we havė
